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« Dense matter »: as dense as nuclei
« Equation of State »: p(T)
Here: p(n, p,T) or also (n, p,T) 
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I. Dense matter in the universe

F.S.Kitaura et al, A&A 450 (06) 345
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40 Msun progenitor



I. Dense matter in the universe
• Supernova explosion occurs

via core-collapse in very
massive stars (M>8Msun)

• 106 1015 g/cm3

0.01<T<50 MeV in the core
• The  density in the residual

pulsar (neutron star) is of the 
same order <> 1014

g/cm3

=> Matter with nucleonic
or sub-nucleonic dof !

Compilation by Lattimer&Prakash



BIG challenges 
for theory

1. Present best 3D hydro 
simulations do not yet
produce satisfactory
explosions
• Incertainty in the initial conditions

Hanke et al 2012

Nakamura et al 2014



BIG challenges 
for theory

Melson et al. 2015

1. Present best 3D hydro 
simulations do not yet
produce satisfactory
explosions
• Incertainty in the initial conditions
• Incertainty in the dynamics

=> Nuclear physics essential !



2. Present best EoS modelling
cannot yet explain the most
massive NS

J0348+0432
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BIG challenges 
for theory

No Y, no 3b

Y, with 3b

Y, no 3b

No Y, with 3b

P. Demorest et al., Nature 467 1081 (2010).
J. Antoniadis et al., Science, 340, 6131 (2013).

I.Vidana et al, Europhys.Lett.94:11002,2011 



J0348+0432

M.Oertel et al 2015

xx
+conversion into QM

xY
xY

A.Drago et al 2014

=> Nuclear physics essential !

BIG challenges 
for theory

2. Present best EoS modelling
cannot yet explain the most
massive NS
• Strangeness couplings at high 

density ? 
• Transition to quark matter ?



3. The recent detection of GW by 
aLIGO opens an exciting avenue 
of GW observation from NS
• Continuous GW from deformed NS
• R-modes in young sources
• Binary NS merging

BIG challenges 
for theory

A.Radice et al ArXiV 1601.02426



3. The recent detection of GW by 
aLIGO opens an exciting avenue 
of GW observation from NS
• Continuous GW from deformed NS
• R-modes in young sources
• Binary NS merging

BIG challenges 
for theory

=> Nuclear physics essential !

Detectable (40 events/year) 
oscillations (f-mode) of the post-
merger remnant are correlated to 
the EoS (here expressed as R1.6) 

A.Bauswein, arXiV:1508.05493
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2. Modelling the EoS in the mean field approximation

• Thermodynamic limit ࢘∀ (~1038 particles/cm3)
Homogeneous q(r) q ሺ∀	q constituent)



2. Modelling the EoS in the mean field approximation

• Thermodynamic limit ࢘∀ (~1038 particles/cm3)
Homogeneous q(r) q ሺ∀	q constituent)
 ௧௧ߝ ൌ ߝ  ߝ (baryons and leptons decoupled)
 Translational invariance: Vq(r)=cst

 ሺ̂ݐ ܸሻห݅ۧ ൌ ݁|݅ۧ ݎ ݅ ൌ ଵ
ଶగ య ݁∙ plane waves

݁ ݇ ൌ ݉ ݇ଶ
ଶ  ܸ ,ߩ ᇱߩ single particle energy

 ߝ ൌ ிீߝ   ߩ݀ ܸ
ఘ
 energy density

• Nucleons only: ߝ ൌ ிீ,ߝ  ிீ,ߝ  ࢿ ,࣋ ࣋ energy
functional: the quantity to be calculated.



The Skyrme approach (zero range effective interaction)
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The finite range approach (Gogny, M3Y..)
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Same functional dependence as Skyrme! 
The interaction range plays no role for nuclear matter

Proof:
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a- Non relativistic mean-field

• In principle, functional form well established and 
parameters constrained by nuclear experiments

• BUT ad-hoc density dependent terms ∝ ఊߩ which
simulate many body effects

Arbitrariness in the functional form
Arbitrariness in the extrapolations!



b- Relativistic mean-field
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• In principle, functional form controlled by the underlying
effective Lagrangian

ࣦ ൌ ത߰ ఓߛ ߲݅ఓ െ ݃௩߱ఓ െ
1
2݃ఘ Ԧ߬ ∙ ܾ

ఓ െ ݉ െ ݃௦ߪ ߰



b- Relativistic mean-field

• However, the mapping is broken by ad-hoc density
dependent couplings g() (or non-linear couplings) 
which simulate many body effects

Arbitrariness in the functional form
Arbitrariness in the extrapolations

Relativistic or not ???
It is just a question of taste……

The biggest issue is the 
determination of the parameters of 
in a model independent way

ࣦ ൌ ത߰ ఓߛ ߲݅ఓ െ ݃௩߱ఓ െ
1
2݃ఘ Ԧ߬ ∙ ܾ

ఓ െ ݉ െ ݃௦ߪ ߰



The effective mass issue  

• Nucleons interact with the surrounding medium: their
energy=>mass is modified with respect to the vacuum 
value. 

• However, the effective mass m* entering the kinetic
energy is not the same in rel and non-rel approaches. 

Dirac m* 

Landau m*  

• This  leads to a systematic difference in the functional
dependence (both isoscalar and isovector)
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E.Van Dalen, H.Muther
arXiV:10040144



c - Beyond mean field:  pairing correlations

• The attractive part of the residual interaction leads to pairing
correlations

• Channels relevant for neutron star matter: 1S0(nn, ), 
3P2(nn&pp, )

• BCS theory: 

• Effective interaction optimized to reproduce ab-initio calculations
of  including polarization and screening effects

• Superfluidity and superconductivity negligible for static properties, 
but essential for cooling and glitches ܥ ∝ ݔ݁ െ ∆/ܶ
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• Definition of empirical parameters

o Any EoS can be Taylor expanded

݁ ,ߩ ߜ ൌ ݁ூௌ ߩ  ݁ூ ߩ ଶߜ  ܱ ସߜ

ൌ ࡱ 
ଵ
ଵ଼
ଶݔࡷ  ܱ ଷݔ  ࡶ 

ଵ
ଷ
ݔࡸ  ଵ

ଵ଼
ଶݔ࢙࢟ࡷ  ܱ ଷݔ ଶߜ

o The actual model parameters can be expressed as a function
of the empirical parameters ,ܧ ,ߩ ,ܭ ,ܬ ,ܮ ௦௬ܭ …

o If the empirical parameters are known, the EoS is known
o If these coefficients are constrained through model 

comparison with data, any model compatible with the 
constraints can be used to compute compact star properties

o Data from lab.experiment, observation or ab-initio modelling.

3. Constraining the model parameters

݁ ൌ
ߝ
ߩ

ߜ ൌ
ߩ െ ߩ
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ݔ ൌ
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Constraining the empirical parameters:

Observation EoS model
(empirical parameters)

prediction

Nuclear
theory

Nuclear
experiment

constraint

prediction

prediction

L(m)

103

10-3

10-9

10-15

constraint
constraint

jumping across the scales!



Constraining the model parameters

a: laboratory experiments



Constraining the model parameters

b: ab-initio modelling

ܲ ൌ െ
݀݁
ଵିߩ݀ ൌ ߤߩ െ ߝ

ܲ ߩ ൌ
1
ߩ3 ଶܮ െ ܧ െ ܬ



Constraining the model parameters

c: observation

A.Fantina et al, A&A 2013

L

J0348+0432

P. Demorest et al., Nature 467 1081 (2010).
J. Antoniadis et al., Science, 340, 6131 (2013).



J.Margueron et al., 2016
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4. Phase transitions in dense 
matter

Picture: D.Page



Phase transitions: necessarily beyond mean-field

• A mean-field model in 
the thermodynamic
limit implies
homogeneous matter
݄ , ݇ ൌ 0

• Necessarily fails if matter
is non-homogeneous

• In MF phase transitions 
are signalled by 
instability of 
homogeneous matter
towards phase 
separation

• => Convexity of the 
energy functional



energy density

E(
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- density or volume
(order parameter) -



• A mean-field model in 
the thermodynamic
limit implies
homogeneous matter
݄ , ݇ ൌ 0

• Necessarily fails if matter
is non-homogeneous

• In MF phase transitions 
are signalled by 
instability of 
homogeneous matter
towards phase 
separation

• => Convexity of the 
energy functional

- density or volume
(order parameter) -



energy density

E(

Here: single order parameter (1D space)

Phase transitions: necessarily beyond mean-field



1) Transitions in the crust: 3D density space

• (n,p,e) matter:
• Φ ൌ ሺ݇ሻ݊ߜ 	 q=n,p,e

• ௗమா
ௗమ ൏ 0 ⇒

ܥ ݇ ൌ det
߲ଶܧ
݊ߜ߲

൏ 0



energy density
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Crust-core phase transition
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gas cluster

Stellar matter at  is unstable
against finite size fluctuations => 
cluster formation

ܥ ݇ ൌ det
߲ଶܧ
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Response to
thermal (k=0) 

fluct.

Surface 
term

Coulomb 
term



2) Transitions in the core : different dof, but still 3D

a. Hadronic matter: the baryon octet

o Equilibrium of strong
interactions: three densities
nQ, nB, nS

• ௗమா
ௗమ ൏ 0 ⇒ ܥ ൌ det డ

మா
డೕ

 * non-lin. terms     
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• Results are extremely model 
dependent

N,e
N,e,

N,e,

Skyrme 
interaction

Relativistic
Mean Field

2) Transitions in the core : different dof, but still 3D

AFDMC

F.G.,A.Raduta and M.Oertel, PRC 2012, PRC 2013,   
JPhysG 2015, EPJA 2016 

J.Torres, F.G.,D.Menezes, PRC 2016



b. Deconfined matter: free quarks 
u,d,s => E(nB,nS,nQ)

• No unified model for confined and 
deconfined matter

• Effective model (no confinement, 
no gluons) in the quark phase: MIT, 
NJL, (P)NJL, QMDD… w/wo color
superconductivity (2SC, CFL 
phases)

• ݁௦ௗ௨ ߩ ൏ ݁ௗሺߩሻ => hybrid star
• ݁௦ௗ௨ ߩ ൏ 930 MeV 
=> Absolutely stable SQM =>quark star
• Results are extremely model 

dependent



energy density

E(

A nice collection of recent results: special issue EPJA 52 (2016)

2) Transitions in the core : different dof, but still 3D

- density or volume
(order parameter) -



Conclusion: three possible families of 

neutron stars

Hadronic
stars

Quark stars
Hybrid
stars


